In this paper, the mechanisms of overcharging of a colloidal macroion in the presence of multivalent counterions are investigated by means of Monte Carlo simulations. This computational technique appears as a powerful tool for probing the validity of semianalytical models developed for this issue. In particular, the simulations performed are compared with the predictions of two different models based on the one component plasma ͑OCP͒ theory. Therein, the multivalent ionic atmosphere confined at the macroion surface is approximated by a two-dimensional Wigner crystal. These kinds of models are largely used in the literature since ͑in some cases͒ they present quite simple equations to describe the electric double layer ͑EDL͒ of macroions with different geometries in the presence of much smaller ͑but still multivalent͒ ions. In this sense, charge inversion phenomena of membranes, polyelectrolytes, DNA molecules, etc., are straightforwardly predicted in terms of these expressions. Unfortunately, comparisons between these predictions and experimental results are scarce, mostly due to the difficulty to reproduce the experimental conditions in the laboratory. Accordingly, the goal of the present paper is to simulate EDLs under real conditions ͑in which overcharging phenomena are expected to happen͒ and use the results obtained in this way for comparing with those obtained from OCP models.
I. INTRODUCTION
This paper addresses the study of colloidal dispersions containing multivalent counterions. This issue has raised a great interest in the last decades due mainly to its application in biophysics. For instance, the addition of tetravalent ions induces the condensation of DNA, which can be used to trick the T5 virus into giving up its DNA in a controlled way. 1 In addition, the presence of multivalent counterions involves counterintuitive phenomena in colloidal science such as the appearance of attractive forces of electrostatic nature between likely charged particles, charge inversion ͑or overcharging͒. [2] [3] [4] [5] [6] As a result, ion correlations between multivalent counterions appear as a crucial feature in order to explain this kind of processes. This is basically the reason why the classical mean-field theory based on the PoissonBoltzmann ͑PB͒ equation cannot account for such phenomena on its own.
Since in the PB approach the ion size is neglected, this approximation fails in the description of the EDL under conditions in which correlation between ions become significant ͑i.e., the distribution of ions around a charged surface͒. 4 Short-range correlations due to ion size can be introduced in the theoretical description of the EDL by means of the primitive model ͑PM͒ of electrolytes, in which small ions are treated as charged hard spheres immersed in a dielectric continuum. 7 In this frame, a large variety of simulations and sophisticated models have been developed such as the modified Poisson-Boltzmann theory, the density functional theory, and those models based on integral equation theories. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] In most of these cases, computer simulations appear as a powerful tool to test the validity of the theoretical formalisms previously cited.
Alternatively, ionic correlations ͑beyond the PB approach͒ between multivalent ions can also be accounted for in the electric double layer ͑EDL͒ theory by means of the OCP. Although short-range hard core repulsions can be included in this formalism, 28 the classical OCP model consists of a system of identical point ions, interacting exclusively through the Coulomb potential and immersed in a rigid, uniform background of opposite charge to ensure overall charge neutrality. 29 The theory allows for analytic calculations of all the thermodynamic functions as well as the structure factor.
Precisely, the OCP is the common starting point in the overcharging studies performed by Shklovskii and co-workers 3, 30, 31 on one hand, and Levin on his own 2,32 and Pianegonda et al., 33 on the other. According to the former, the overcharging is a direct consequence of ionic correlations due to an arrangement of multivalent counterions in a twodimensional liquid called strong correlated liquid ͑SCL͒. At zero temperature, this structure acquires the minimal energy state of a Wigner crystal ͑WC͒ in which the correlation energy per ion is given in terms of a chemical potential. At nonzero temperature, the authors point out that if the correlations between ions are large enough, thermodynamics properties of a SCL are similar to those of a WC ͑i.e., the chemical potential of WC is identified with that corresponding to a SCL͒. In view of that, this negative chemical potential provides an additional correlation attraction of multivalent ions to the surface, which is responsible of the overcharging phenomena such as the self-assembled complex of a charged polyelectrolyte, reversal in the electrophoretic mobility owing to the addition of DNA, and attraction of like charges. 3 Whichever is the case, this SCL theory has important shortcomings.
͑i͒
Correlations are considered only for the so-called Z ions ͑ions of valence Z, but also micelles, polyelectrolytes, etc.͒, which form the SCL, but the rest of the ionic atmosphere is modeled through the PB theory, which involves point ions. The Wigner crystal and SCL are electron gases. Therefore, the SCL considers only the charge correlations of an electron gas made of Z ions, but ignores ion-ion and ion-Z ion charge correlations and all size correlations. ͑ii͒ The WC energy per Z ion for the case of finite temperatures involves multivalent counterions with large Z values. In fact, the authors admitted themselves that their model works only qualitatively for Z =2. 30 ͑iii͒ Preliminary simulations of planar EDL with mixtures of 1:1 and 3:1 electrolytes reveal that the monovalent counterions can replace the multivalent ions located in the immediate vicinity of the charged wall when the concentration of 1:1 electrolyte is increased. 34 This means that the SCL-inspired effective charge decreases with the addition of monovalent salt ͑since only high valence ions are considered in its definition͒. In contrast, the SCL model of Nguyen et al. predicts the enhancement of charge inversion for systems in similar conditions. 31 In spite of these limitations, the main idea of this theory has been widely applied to many complex systems such as the self-assembly of a negative polyelectrolyte molecule and many positive spheres in a necklacelike structure ͑see Ref. 3 and references cited therein, for other illustrative examples͒. The authors themselves have pointed out experimental but qualitative evidences coming from the domain of polyelectrolytes. However, Lyklema claims that none of these evidences is sufficiently critically chosen to support the model unambiguously and suggests that experiments should rather be carried out with the simpler multivalent ions for a realistic check of this SCL model. 5 Accordingly, part of this research work is devoted to deepen into the study of the applicability of this model by comparison with Monte Carlo ͑MC͒ simulations based on the PM of electrolyte. As regards the OCP theory developed by Levin, overcharging occurs as the result of highly favorable gain in electrostatic free energy due to strong positional correlations between the condensed counterions. 2, 32 In particular, the model considers a OCP made of multivalent counterions condensed on the surface of a spherical macroion with a uniform neutralizing background charge. Therefore, the electrostatic energy of the OCP is expressed as a sum of contributions arising from the counterion-counterion interaction, counterionbackground interaction, and the self-energy of the background. For the case of mixtures of mono-and multivalent electrolytes ͑1:1 and Z : 1, respectively͒, the model clearly distinguishes between Z counterions condensed in the OCP and the Z : 1 salt. Accordingly, the effective charge of the macroion is determined by the number of multivalent counterions condensed on it. In the same way as the SCL model, for high valence counterions, the free energy of the OCP can be approximated by that of a WC. This approximation results in an analytical expression for a grand potential function which depends on the free energy of the OCP so that the minimum of this function provides the number of ions condensed on the surface macroion.
2 Recently, this model has been improved by Pianegonda et al. considering the effects derived from the solvation energies of the multivalent counterions in the bulk and near the colloidal surface. 33 Therefore, this work also aims to analyze the applicability of Levin's model as well as its subsequent enhanced model, by comparison with MC simulations.
Bearing all this in mind, the paper is organized as follows. Firstly, an overview of these OCP models is presented. In addition, some technical details of simulations are provided. Next, the effective surface charges of a simulated overcharged EDL in the presence of different Z : 1 electrolytes are compared with those obtained with the SCL model. Afterwards, the addition of a 1:1 salt to the previous system is analyzed by simulations and by Levin's model. In particular, special attention is paid to the effect of the monovalent salt. Finally, an analogous analysis is made with the SCL model in terms of a dimensionless parameter which is characteristic of this theory.
II. SOME ASPECTS OF OCP THEORIES
A. SCL, screening, and charge inversion in the absence of monovalent salt As mentioned above, Perel and Shklovskii put forward a SCL model for the study of the influence of the multivalent counterions on the screening of the charge of a macroion a few years ago. 30 Here, we will restrict ourselves to the case of a uniformly charged plane ͑located at x =0͒, with a surface charge density ͑Ͻ0͒ and a water solution occupying halfspace, x Ͼ 0. The key idea is to treat separately two welldifferentiated regions of the ionic atmosphere: the twodimensional SCL of multivalent counterions ͑of valence Z͒ just near the surface and the gaslike dilute phase at certain distance from it. There is also an intermediate boundary layer
for Ͻx Ͻ l / 4, where l = Z 2 l B ͑l B is the Bjerrum length, 0.713 nm for water at 25°C͒ and = Ze / ͑2l͉͉͒ is the socalled Gouy-Chapman length ͑where e is the elementary charge͒. Due to their lateral correlations, multivalent counterions are more strongly bound to the surface than in the PB approximation. According to the authors, this phenomenon can be understood as the attraction of a Z-valent counterion to its correlation hole in the SCL. Although the PB approach fails to describe this correlation effect, it works properly at certain distance from the surface ͑Ͼl /4͒, where the energy of attraction to the correlation hole is smaller than the thermal energy. In view of that, PB-like ion distributions for x Ͼ l / 4 might be applied to estimate an effective ͑or screened͒ charge * if the effect of the SCL on them is included. This is done looking for a new boundary condition for the PB ion concentration.
Perel and Shklovskii first analyzed the case of extremely dilute solutions, for which the bulk concentration of multivalent counterions vanishes at x → ϱ. Applying the condition of equilibrium between the SCL and the gaslike phase beyond l / 4, they obtained a new boundary condition for the PB ion concentration, N͑x͒,
where n = ͉͉ / ͑Ze͒ is the surface concentration of multivalent counterions at the SCL neutralizing the surface charge, w is a length of the order of the size of a water molecule ͑w = 0.3 nm is suggested͒, T is the absolute temperature, k B is the Boltzmann constant, and c ͑n , T͒ is the contribution of correlations to the chemical potential of the SCL ͑see the original paper 30 for further details͒. From the PB-like ion distribution, N͑x͒, and considering the effect of the SCL by means of N͑0͒, they calculated the surface charge density for x Ͻ l /4 ͑which is interpreted as an effective charge * ͒. Then, they looked into the case of a finite concentration of Z-valent counterions in the bulk solution, N͑ϱ͒. In particular, these authors focused on N͑ϱ͒ Ͼ N͑0͒, since negative charges dominate for x Ӷ r s then ͑where r s is the DebyeHückel screening length͒. Under such circumstances, one must derive a boundary condition for the local concentration of coions, N − ͑x͒ instead. They showed that
and estimated again the effective surface charge density from the ion distribution, obtaining that
The reader should note that this quantity is positive. In other words, for N͑ϱ͒ Ͼ N͑0͒ the macroion surface is overcharged. Consequently, besides being a new boundary condition, N͑0͒ gives an idea of the concentration at which overcharging takes place.
B. SCL and charge inversion in the presence of monovalent salt
Most biological colloidal dispersions contain significant amounts of monovalent salts. For that reason, Shklovskii and co-workers also paid attention to this situation. However, at small enough r s , the method of the new boundary condition for the PB equation becomes less convenient. Thus the researchers developed a new approach with some different considerations. Firstly, they did not apply the same definition of effective charge. In this case,
again n is a two-dimensional concentration of Z-valent ions at the charged plane but, now this value, which is not known a priori, does not neutralize the surface charge exactly. Apart from that, they are interested in the maximal value of the inversion ratio, * / ͉͉, which can be reached at large enough concentration of Z : 1 salt ͑according to them͒. Under these hypotheses, the behavior of the maximal inversion ratio was obtained ͑using the equilibrium between the SCL and the bulk solution͒ as a function of a dimensionless parameter,
which is proportional to the concentration of monovalent salt ͑C 1:1 ͒. Accordingly the authors deduced two analytical expressions for the cases Ӷ 1 and ӷ 1, respectively, and suggest a numerical procedure for the intermediate case. 31 Anyhow, the main conclusion is that the maximal inversion ratio increases with this dimensionless parameter, see Fig. 5 in Ref. 31 . Consequently, the presence of monovalent salt should enhance charge inversion.
C. Levin's OCP model and charge inversion
Levin considers the ionic atmosphere of a spherical macroion of radius a 0 and a total charge given by Z M =4a 0 2 ͉͉ / e. Its effective charge is completely determined by the number of multivalent counterions condensed on it. First, this author proposes to calculate the number of these ions that are not farther than certain distance ␦ from the surface, n ␦ . As Levin suggests, ␦ must be of the order of the hydrated ion size. 2 The calculation of n ␦ is done minimizing the grand potential function of a complex formed by the macroion ͑of charge Z M ͒ and the multivalent counterions contained in the ␦ layer, which is considered a OCP. The free energy of such OCP can be approximated by that of the Wigner crystal ͑as Shklovskii and co-workers also suggest͒. The reader interested in the explicit expression of the grand potential function and other details is referred to the original paper. 2 However, Levin points out that not all the multivalent counterions inside the ␦ layer are actually bound to the macroion, so the effective charge of the macroion Z * is not given by Z M − Zn ␦ . The real number of condensed macroions is n ␦ − n 0 , where n 0 is the overestimate of multivalent counterions. This quantity can be obtained as the number of multivalent ions within a distance ␦ from the surface of a neutral macroion. Consequently, n 0 can be computed minimizing the grand potential function with Z M = 0, and the inversion ratio * / ͉͉ is finally given by
As mentioned in the Introduction, this OCP model has been recently improved to consider the formation of ionic clusters containing a multivalent counterion with Z = 3 and several associated small coions ͑from 1 up to 3͒. This is done through the evaluation of the internal partition function of the clusters and solving a set of couple action mass laws. 33 According to the authors, charge renormalizations and overcharging depend on the interplay between the solvation energies of the multivalent counterions in the bulk and near the colloidal surface. Such interactions could be significant in the presence of large monovalent salt concentrations.
III. MONTE CARLO SIMULATIONS
In the most general case, the system under consideration consists in a mixture of Z : 1 and 1:1 electrolytes in the presence of a planar negatively charged wall. Obviously, charge inversion can also occur for colloids with curved surfaces. 12, 14, 15 However, the surface curvature is not expected to modify the qualitative aspects regarding the mechanism of this phenomenon. The PM, in which small ions are treated as charged hard spheres immersed in a dielectric continuum ͑included through its relative permittivity only͒, constitutes a basis for the simulation of this solution. All monovalent species are assumed to have the same hydrated ion diameter ͑0.70 nm͒. However, the diameter of multivalent counterions ͑d 1 ͒ is supposed to be 0.80 nm. These values are in agreement with those found in the scientific literature and previous comparisons with experimental data. [34] [35] [36] [37] In any case, it should be pointed out that hydrated ion sizes are usually determined with some uncertainty.
The interaction energy between mobile ions is given by
where Z i and a i are the valence and the radius of ion i, respectively, 0 is the permittivity of free space, r ͑=78.5͒ is the relative permittivity of the solvent ͑corresponding to water at a temperature of 298 K͒, r ij is the center-to-center vector, and r ij = ͉r ij ͉ is the distance between ions i and j, whereas the interaction energy of ion i with the charged wall is
where x i is the x coordinate of particle i, r i is its position vector, and ͑Ͻ0͒ is the surface charge density of the charged wall ͑the surface charge is uniformly smeared out͒. It should be noted that the ion-ion exclusion volume term is not included in the Poisson-Boltzmann theory. In addition, we should also stress that in the PM used in this work, the only interaction between ions and charged colloidal particles has also the form given by Eq. ͑8͒. Therefore, specific interactions between small ions and macroparticles are not included here. The MC method ͑with the Metropolis algorithm͒ has been used to obtain the equilibrium properties of the EDL. The calculations have been carried out in a canonical ensemble for a collection of N ions confined in a rectangular prism ͑or cell͒ of dimensions W ϫ W ϫ L. The impenetrable charged wall is located at x = 0, whereas at x = L, another impenetrable wall without charge is placed. The cell contains the ionic mixture corresponding to the bulk electrolyte solution together with an excess of counterions neutralizing the surface charge.
Periodic boundary conditions were used in the lateral directions ͑y and z͒. The systems were always thermalized ͑5000 configurations per particle͒ before collecting data for averaging ͑40 000 configurations per particle͒. The acceptance ratio, which is the ratio between the accepted moves and the total number of moves in a simulation, was kept between 0.4 and 0.6, according to the rule of thumb for obtaining reasonable statistics. Due to the long range of the electrostatic interactions, the energy must be evaluated very carefully. In this work, the energy was computed by following the method originally developed by Lekner for systems with two-dimensional ͑2D͒ symmetries that has recently been improved by Sperb. 38, 39 Here, the interaction potential energy per elementary charge at the point r, generated by a charge at rЈ and its periodic replicas in the x and y directions, is given by 
͑9͒
where it has been defined the rescaled coordinates
͑10͒
According to Lekner, this quantity can be transformed into
where C is a constant depending on the reference state and s is the fast converging series,
͑12͒
The sum in Eq. ͑12͒ can be truncated after a few terms due to the Bessel function ͓K 0 ͑x͔͒ vanishing rapidly at large arguments. However, this function diverges for small arguments, so a large number of terms could be required in Eq. ͑12͒ if ͱ 2 + 2 is small. Recently, Sperb has proposed an efficient transformation that overcomes this shortcoming. In the simulations in which the Lekner-Sperb method ͑LSM͒ was applied, we have followed the truncation criteria proposed by Moreira and Netz in their study of counterions near charged plates. 40 The number of ions between the walls was fixed during a simulation but, depending on certain parameters ͑e.g., the salt concentrations͒, that value varied from 75 to 120. These numbers of particles are smaller than those used with the so-called external potential method in previous papers because the Lekner-Sperb method is much more time consuming. The reason for applying this procedure of evaluation of energy in this work is that simulations are more stable at low salt concentrations. In any case, it should be kept in mind that ͑i͒ the ion distributions obtained by these two methods in previous investigations are practically identical ͑in spite of the difference in the particle numbers͒; ͑b͒ to check that the cell size was large enough, the number of particles for a few representative systems was doubled ͑as will be discussed later͒.
As mentioned above, our simulations have been carried out in the framework of the primitive model. It is accepted that this rudimentary picture is able to encompass the essential features of reality if one is not interested in the effect of the molecular nature of the solvent. However, it should be mentioned that alternative and more sophisticated ͑civilized͒ models for simulations ͑which do take the molecular nature of the solvent into account͒ have also been applied to investigate EDL properties since the early 1990s. [41] [42] [43] [44] [45] [46] [47] 
IV. RESULTS AND DISCUSSION

A. Checking the number of particles
As mentioned just in the previous section, the number of particles in the simulation cell might seem rather small at first sight. In order to check that the values used here are large enough, this parameter was doubled in some representative cases. For instance, in Fig. 1 , the distribution functions, g i ͑x͒, of the different ionic species ͑i = 1, 2, and 3 stands for multivalent counterions, monovalent counterions and coions, respectively͒ are plotted for = −0.115 C / m 2 , C 3:1 = 20 mM, and C 1:1 =10 mM ͑where C Z:1 and C 1:1 are the molar concentrations of the Z : 1 and 1:1 electrolytes, respectively͒. In the first run ͑solid symbols͒, 78 particles were moved in the simulation box, whereas in a second run ͑open symbols͒, the number of particles was much larger ͑148͒. As can be seen, the ionic distributions are not monotonic ͑which cannot be accounted for by the classical PB theory͒. The counterion distribution curves exhibit a minimum near the surface, whereas the coion distribution presents a maximum at the same location. From this position, the coion concentration decreases and the counterion concentrations increase, just if the surface charge had the opposite sign and their respective roles were inverted. This behavior suggests the existence of charge inversion. In any case, the most remarkable fact is that the ionic distributions obtained with quite different numbers of particles are practically identical, which confirms the reliability of our simulations.
B. Charge inversion in the absence of monovalent salt
From ion distributions like those shown in Fig. 1 , an estimate of the effective ͑or screened͒ particle charge can be obtained. According to the SCL models, this quantity is practically determined by the number of multivalent counterions condensed on the charged surface, since the electrostatic attraction between them and the colloidal particle is much stronger than in the case of monovalent ions. Consequently, the effective charge will be computed considering only the multivalent counterions enclosed by a plane located at a distance ␦ from the particle surface, i.e.,
where i ͑x͒ is the local density of i ions at a distance x from the charged surface. Obviously, the value of ␦ must be specified. In the SCL theory devised by Perel and Shklovskii, this parameter is of the order of l /4. 30 Following this prescription, the effective charge was calculated from an extensive set of simulations as a function the Z : 1 salt concentration for = −0.115 C / m 2 and Z = 3, 4, and 5. This surface charge density was chosen because, from an experimental viewpoint, it is a widely studied colloidal system. 4, [48] [49] [50] [51] For this surface charge density and these three moderate valences, the so-called coupling parameter ⌫ ͑⌫ = Z i 2 l B / R, where R = ͱ Ze / ͉͉ is the mean distance between ions of the SCL͒ is, in round numbers, 5.6, 8.6, and 12.0 for Z = 3, 4, and 5, respectively. ⌫ is a helpful parameter in the theory of the one component plasma, which characterizes the intensity of the electrostatic correlations. It is well established that the strong coupling limit requires ⌫ӷ1. In our case, one of the systems seems to fulfill this condition without a doubt ͑Z =5͒. For trivalent counterions, however, the strong coupling limit is not clearly guaranteed.
The results for the inversion ratio ͑ * / ͉͉͒ are plotted in Fig. 2 . This quantity is positive in almost all the cases studied here, which means the occurrence of charge inversion on the whole. Only for Z = 3 and C 3:1 = 0.1 mM, a negative value was obtained for this ratio ͑and was very small in magnitude anyhow͒. Figure 2 also shows that the presence of multiva- lent ions enhances charge inversion, since * / ͉͉ increases with C Z:1 and Z. This enhancement is particularly intense for large salt concentrations, where the inversion ratio grows steeply.
The predictions of the SCL model developed by Perel and Shklovskii obtained from Eqs. ͑1͒-͑3͒ for * / ͉͉ have also been plotted in Fig. 2 . As can be concluded, the agreement between theory and simulation is fairly good and not only qualitatively but also quantitatively ͑in spite of the large number of approximations involved in this model͒. Apart from that, the agreement is of the same order for three values of ⌫ studied here, which seems to indicate that an extremely large coupling parameter is not necessary to reach the strong coupling limit. This result is in agreement with other related works 52, 53 though OCP properties tend to be similar to the WC only in the limit ⌫ӷ1.
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Figure 2 also suggests that the SCL theory is able to predict the appearance of charge inversion within certain accuracy. For Z = 4 and 5, this phenomenon should take place for all the salt concentrations analyzed in this work, as simulations confirm. For Z = 3, an electrolyte concentration greater than 1 mM ͑in round numbers͒ is required, which is also corroborated by our data. In fact, the model provides a very simple expression ͓see Eq. ͑1͔͒ to predict the salt concentration at which charge inversion occurs ͑given a surface charge density͒. It must be kept in mind that this equation has a twofold meaning. On the one hand, it is the boundary condition on which this model is built. On the other hand, this expression gives the salt concentration at which charge reverses. We looked into to what extent Eq. ͑1͒ properly works in this precise sense.
For Z = 3 and a given surface charge density, the 3:1 electrolyte concentration at which charge inversion appears ͓i.e., N͑0͔͒ was estimated performing a few simulations ͑at different but close C Z:1 values͒ and interpolating then. In this way, the line inversion plotted in Fig. 3 was built. In addition, the predictions for N͑0͒ computed from Eq. ͑1͒ were also included. As can be seen, theory and simulation agree quite well, particularly in the case of moderate and high surface charge densities, which supports the new boundary condition put forward by these two authors. Only for low surface charge densities ͉͉͑ Ͻ 0.03 C / m 2 approximately͒ certain disagreement is observed. For this value, ⌫ Ϸ 3. As N͑0͒ essentially depends on the coupling parameter, we can conclude that the new boundary condition succeeds for ⌫ӷ3.
Let us now analyze the OCP model developed by Levin. In this case, the effective charge was also calculated applying Eq. ͑13͒ to simulation data. However, a different ␦ value was used since, according to this author, ␦ is of the order of the hydrated ion size. To be consistent with the ionic sizes found in the literature [34] [35] [36] [37] and used in our simulations, a value of 0.8 nm was taken for this parameter ͑it can be proved that the results are not strongly dependent of the ionic size͒. From the same simulations performed before, the effective charge was calculated again. The results for −0.115 C / m 2 and Z = 3, 4, and 5 are plotted as a function of C Z:1 in Fig. 4 . As can be seen, the inversion ratio also increases with the Z : 1 salt concentration and with the counterion valence. However, the magnitude of * / ͉͉ is smaller than that previously obtained ͑see Fig. 2͒ . Apart from that, we also found that a larger salt concentration of electrolyte is required to induce charge inversion for Z =3 ͑10 mM approximately, instead of 1 mM͒.
These two features are perfectly logical since the ␦ value derived from the criterion of Shklovskii and co-workers is significantly larger ͑1.6 nm͒ and this obviously implies a greater amount of multivalent counterions neutralizing the surface charge.
In Fig. 4 , the predictions of the Levin OCP model are also plotted ͑these theoretical values were calculated assuming a large spherical macroion, whose radius was 150 nm͒. Although the values of the inversion ratio are ͑more or less͒ of the same order, it is clear that the quantitative agreement is not as good as that previously reported for the model by Perel and Shklovskii. In addition, certain disagreements must be pointed out, from a qualitative viewpoint. For instance, the model predicts inversion for Z = 3 from 0.1 mM, which contrasts with the inversion concentration found in simulations ͑10 mM͒, as mentioned before. Moreover, at very high salt concentrations, the predictions of the inversion ratio do not grow as rapidly as those calculated from simulations do. What is more, the existence of a saturation value is suggested, which is not corroborated by MC data either.
C. Charge inversion in the presence of monovalent salt
Hereafter, we will pay special attention to the effect of a monovalent salt on charge inversion. First, we will investigate the predictions of the Levin OCP model, which presents the advantage of being equally applied in the presence or absence of monovalent salt. In Fig. 5 , the inversion ratio calculated from Eq. ͑6͒ is plotted as a function of the monovalent salt concentration for = −0.115 C / m 2 , C Z:1 = 5 mM, and Z = 3, 4, and 5. As can be seen, the effect of the monovalent salt is negligible for C 1:1 Ͻ 10 mM since the effective charge remains constant. For larger concentrations, however, certain enhancement of charge inversion is reported. Although this behavior is also predicted by Shklovskii and co-workers, the intensification of the reversal according to Levin's model is much more moderate than that claimed by the other authors.
In Fig. 5 , the simulation results have also been included for comparison. For C 1:1 Ͻ 10 mM, simulations confirm that the effect of the monovalent salt is insignificant. For C 1:1 Ͼ 10 mM, however, the disagreement is patent. No enhancement is found with increasing the monovalent salt concentration. On the contrary, the phenomenon of charge inversion ͑reported only for Z = 4 and 5 in this case͒ weakens and even tends to disappear in the presence of large amounts of monovalent electrolyte.
Since the effective charge derived from simulations depends on the multivalent counterions exclusively, this finding means that these ions leave the layer near the surface ͑gradu-ally and partly͒ with increasing the presence of monovalent ions considerably. What is more, a preliminary work showed that the multivalent counterions near the charged surface can be replaced ͑at least partly͒ by the monovalent ones if C 1:1 is large enough. 34 An explanation for the replacement of Z-valent ions has been given by Pianegonda et al., who have recently improved Levin's original OCP model ͑applied in Fig. 5͒ in order to take the formation of different ionic clusters ͑made of a counterion with Z = 3 and monovalent coions͒ into account. 33 Accordingly, the formation of these clusters in the presence of a large concentration of monovalent electrolyte could cause a considerable decrease of the free trivalent counterions in the bulk. This feature might be responsible ͑at least partially͒ for the replacement of Z ions near the particle surface that hinders overcharging. To deepen into the role of ionic clusters in the resulting EDL, the model has been applied for the case of Z =3, = −0.115 C / m 2 , and C 3:1 =5 mM ͑Fig. 6͒. As can be seen here, when a ␦ value similar to that used in the simulations is chosen ͑i.e., ␦ = 0.8 nm͒, the increase of the inversion ratio as a function of monovalent salt has disappeared. Furthermore, a slight diminution in the inversion ratio for high salt concentrations can be appreciated. This feature is in complete agreement with the predictions derived from the model ͑see, for instance, Fig. 4 of Ref.
33͒. Notice that in our case, the data are plotted in terms of the ratio inversion and thus the variation of the effective charge is not so clearly observed. However, in the same figure we show how this reduction becomes more significant as ␦ diminishes. In any case, this modified OCP theory captures the behavior found in simulations and experiments ͑at least, qualitatively͒. 34, 51 At this point, we should discuss the SCL model devised by Shklovskii and co-workers with the help of our data. Unfortunately, the comparison between theory and simulation is not so straightforward in this case. First, since the value of ␦ is not clearly identified in the theory, it was again taken as the thickness of a multivalent counterion monolayer. This is in agreement with the fact that n in Eq. ͑6͒ is a two-dimensional concentration of Z-valent ions at the charged plane. Second, the theory provides the maximal value of the inversion ratio, which can be reached at large enough Z : 1 electrolyte concentration ͑according to its authors͒. However, Figs. 2 and 4 show that the inversion ratio does not reach any maximum ͑at least, in the wide range of C Z:1 studied here͒. Consequently, the C Z:1 value is not clearly identified either.
Despite these objections, the comparison can be done seeking qualitative information in order to probe the theory. Accordingly, in Fig. 7 the inversion ratio is plotted as a function of the dimensionless parameter for Z = 4 and 5, = −0.115 C / m 2 , and C Z:1 = 5 mM. The corresponding theoretical values are also included ͑see Fig. 5 in Ref. 31͒ . Leaving out the numerical discrepancies, we should stress that theory and simulation differ radically. The model predicts a significant enhancement of charge inversion ͑as pointed out above͒. On the contrary, simulations reveal the weakness of this phenomenon and even its disappearance at large enough monovalent salt concentration ͑for Z =4͒. These conclusions are quite similar to those discussed for Levin's original model. In the previous and preliminary study mentioned above, similar results were already reported for a system in the presence of trivalent counterions with ⌫ = 5.6. 33 Then the disagreement between theory and simulation was partly attributed to the small value of the coupling parameter.
V. CONCLUSIONS
In this paper we have shown that ͑i͒ the original theory put forward by Perel and Shklovskii for the screening in the absence of monovalent salt is reasonably satisfactory; ͑ii͒ the success of the SCL model is practically the same for ⌫ values ranging from 5.6 to 12.0; ͑iii͒ the new boundary condition ͓Eq. ͑1͔͒ works properly for ⌫Ͼ3; ͑iv͒ however, the SCL model and the original OCP approach devised by Levin dramatically fail to consider the presence of large amounts of monovalent salt. Consequently, their failure appears to be intimately related to this kind of electrolyte ͑instead of the low ⌫ values͒. Then, the question is: How is the monovalent salt included in these two theories? Its role is merely the screening of electrostatic interactions between other charged species. In both cases, all the monovalent ion degrees of freedom are integrated out. In other words, their authors develop one component models in which multivalent counterions are almost the only protagonist. In this way, however, the expulsion and replacement of Z-valent ions of the OCP by the monovalent ones cannot be properly accounted for. This might explain the disagreement found between theory and simulation in the presence of monovalent salt.
In this sense, Pianegonda et al. have recently improved the model by considering the formation of clusters containing multivalent counterions and coions. We have also proved that this modified approach provides better predictions ͑at least, qualitatively͒ and a feasible mechanism for justifying why the monovalent salt can hinder overcharging.
